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1. INTRODUCTION

In this paper, we study cardinal interpolation of bounded data by integer
translates of shifted symmetric box splines based on a three-direction mesh.
To set notation, let M, denote the centred bivariate box spline corre-
sponding to the directions (1, 0), (0, 1), (1, 1), each occurring with equal
multiplicity » (see [1] for the relevant definition). For any vector
o := (o, ®,), we denote by M, , the function M,(-+a). Let P, , stand for
the characteristic polynomial given by

P, (x):=) M, (e "™ xeR2 (L.1)
jez?
By virtue of the Poisson summation formula [4, p. 129], we have
P, (%)= Y M, (x+2m))
jez?

=Y M,(x+ 2mj)e™x+ 2, (1.2)

jeZ?

where M, denotes the Fourier transform of M,,. Let us recall here that M,
is given by (cf. [1])

Mn([utz):[S(tl)S(tz)S(t1+tz)]n (1.3)
- with '
_= sin(z/2)
S(1) - [ o ] (14)
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2. CARDINAL INTERPOLATION WITH M, ,

Let y:R*->R be a compactly supported continuous function. The
cardinal interpolation problem (CIP) with ¥ is said to be correct if to each
bounded real-valued function f defined on R? there corresponds a unique
bounded sequence {a,:jeZ?} such that Y, 2 a,(-— ) agrees with f on
Z2. In the case when s is a box-spline based on a three-direction [(1, 0},
(0,1), (1,1)] mesh, this problem was first studied by C. de Boor, K.
Holig, and S. Riemenschneider in [1]. Therein, it was shown that cardinal
interpolation with such a box-spline M is always correct for any arbitrary
selection of positive mutiplicities in each of its ‘mesh directions. In par-
ticular, this is certainly true for the choice M = M,. The focus of interest
in the present paper is a “shifted” version of this result, namely, the correct-
ness of the CIP with M, ,. Since M, , is also a continuous function with
compact support, we have the following useful necessary and sufficient
condition.

THEOREM 2.1. Cardinal interpolation with M, , is correct if and only if
P, (x) does not vanish.

Proof. See [1, p. 536, Theorem 27.

3. SYMMETRIES OF M, , AND P, ,

We now deduce some symmetries of M, , and P, , which serve to make
any further analysis less onerous. This study follows the tone set by de
Boor et al. [1]. As the details of the proofs of our-assertions are similar to
those in [1], they will be omitted here.

Following [17, let A denote the group of matrices

10 0 -1 1 0
0 1/ -1 0y 1 —1)
-1 1 -1 1 0 -1
0 1) -1 0/ 1 —1
that is isomorphic to S; (the group of permutations on 3 indices). Then, for
any A€ A and xeR?, there hold
Mn,i-Aoz(i—Ax)=Mn,m(x)a (31}

Mn,iAa(x)=Mn,a(iA*x)a (32)
P, au(x)=P, (FA¥x), (3.3)
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where 4* denotes the transpose of 4. As for the relevance and importance
of studying the role of A and A* :={A4*: 4e€A}, the reader may wish to
consult [1] and [2].

4. CORRECTNESS OF THE CIP

We begin this central section by introducing some more notation. For
convenience, we set x := (2nu, 2nv) and 6 := (8,, 6,) := (2na,, 2na,). Let Q
and 4 denote the interiors of the regions in Figs. 4.1 and 4.2, respectively.
Let O represent the interior of the quadrilateral whose vertices are

0,0, (30, (33, and (0,3)
(see Fig. 4.1) and let the (closed) triangle (see Fig. 4.3) with vertices at
0,0), (30, and (35,3

be denoted by 4. We further subdivide 4 into two parts, 4, and 4,
(Fig. 4.3), where 4, is the quadrilateral formed by the vertices

(0, 0), %0, 8 and  (f D)

2
B>
T
™
(0, 1/2)
(1/3, 1/3)
(1/2,0)
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FiGURre 4.1
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and 4, is the complement of 4, in 4. These regions 4, and 4, are chosen
so that the estimates below (in Theorem 4.1) hold even for n=2. Likewise
(see Fig. 4.2), 4 is divided into six sub-regions.

It is known that @ (the closure of Q) is a fundamental domain; ie., its
translates form an essentially disjoint partition of R?/2x (see [1] and [27).
Further, 2 and @ are invariant under A* as are A and A under A.

v-axis

(1/3, 1/3)

(5/18, 5/18)

(1/3, 1/8)

(19/48, 0) (1/2, 0)

=N

‘.  u-axis
@©

o g,gH
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From (1.2) and (1.3), we see that

e wWhtdp  (2mu,2mo)

= [S(2nu) SQ2nv) S2n(u + v)) 1"

u n U n u+v n .
x 1+ et(k@1+l€z}:|
[ (k’l)eé\(o,0)<u+k> (u-l—l) (u+v+k+l>

=: [S(2nu) S(2nv) SQ2n(u+v)}1"[ 0, o(u, v) ], (4.1)

where S is the sinc function defined in (1.4).

This section is arranged as follows. We first show that P, ,(2nu, 2nv)
does not vanish on 2 (and hence in R?) for 6 4 and n even. Then we
prove that for all n, P, ,(27u, 2nv) vanishes somewhere on the boundary of
Q for all values of 6 on the boundary of 4. Finally, with the aid of these
results and Theorem 2.1, we obtain a correctness result for M, , when n is
even. This last theorem is the primary objective of both this section and
this paper.

First, we make some preliminary observations. It is not hard to see that
@ =1J, 4 A*Q and this, taken together with (3.3) and the invariance of A
under A, allows us to consider only (u, v)e @ and 0 € 4 in our subsequent
discussion. Moreover, from the definition of S(¢) (see 1.4), it is quite clear
that [S(27u)S(27v)S(2n(u+v))]” is never zero for (u, v)e Q. Therefore,
the zeroes of P, , are completely determined by Q, 4(u, v). This brings us,
then, to our first theorem of this section.

THEOREM 4.1. Let neN be even and 0eA. Then, for (u,v)eQ,
Q.. o(u, v) is non-zero.

Proof. To simplify matters, observe that (see (4.1))
Qn,(ez,Bl)(va u)= Qn,(81,92)(u’ v). (4.2)

This observation, coupled with the fact that & and 4 are symmetric about
their main diagonals (¢ =v and 6, = 6,, respectively), permits us to restrict
ourselves to (u, v) e 4 and 0 € 4 for the duration of the proof. Let us denote
the imaginary part of Q, , by

In,G(ua U) = S[Qn,@(ll’ U)] (4'3)
and the imaginary part of ®2Q, o(u, v) by

T, o(u, v) := 3[eQ,, 4(u, v)]. (44)
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The proof proceeds in a series of four steps. The actual numerical bounds

for the various infinite series that follow were generated by a computer and
are accurate to at least four decimal places.

Step L

(u, v)e 4, 6=1(0,0).
In this case, Q, ¢(u, v) is strictly positive by virtue of Theorem 4 on p. 539
of [1].

Step 11

(wv)ed,, Hed\0,0)

From Fig. 4.3, we see that (u, v) e 4, implies

O<u<®; 0<v<y; and O<u+v<s. (4.5)
We first note that for 0<a<w<b<1, jeZ, and n (=2)eN, one has
n b n )
L <)—~_ , (4.6)
W+ b+j

a consequence of the fact that the function g(w):=|w/j+w| is non-
decreasing on [a, b]. Observe, now, that

n

u v " uto "
L) 21—

[Onalt ) (k,z):zl:Z\(o,m u+k| jo+! ]u+v+k+l
19 k4 n n

>1— Y 5 5
ne o0 |48k + 19| 181+ 5| [9(k+1)+5]
19 i 5 2 5 2

>1- ¥

ez |48k +19 11914+ 5] |9(k+1)+5

>1-0.9939...>0, (4.7)
by (4.5), (4.6) and the fact that the summands on the right are less than 1.

So, Step I is complete.

The next two steps (III and IV) are less straightforward, as we shall
presently see.

Step 1IL

(w,v)e4d,, fe[A4,vA4,]\(0,0)
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We do the case 0 e A, explicitly. The case 8 € A4, can be handled entirely
analogously. First, from Fig. 4.3, we have, for all (1, v)e4,,

E<u<d; 0oy B<u+tv<gd; vk (4.8)
Also, from Fig. 4.2, one can see that 8 € A, implies

0<0,<8,<n (49)

In addition to (4.6), we will also use the inequality:

For 0<a<sw<b<l, jeZ\{0}, n(=2)eN,
1—wj" 'l—a
| K3 .
Jtw J+a

(4.10)

This follows from the observation that the function A(w) := |1 —w/j+w]| is
non-increasing in the interval [q, »]. Furthermore, we also have, for meZ
and ¢ R,

jcos ¢ < 1

sin m¢
—| < |m|.
sin ¢

(4.11)

We now show that Q,, »(u, v) has no zeroes by showing that 7, ,(u, v) has
none. By virtue of (4.1), we have

u \"/ v ' u+v "
I = in(k@, +1
ot 0) (k,)z‘;zz<u+k> (v+l> (u+v+k+l> sin(k0, +16,)
k+,#0<u+k> <v+l> u+v+k+l>
u+v ?
in /0
k+,¢0<u+k> <u+l <u+v+k+l> cos k9, sin 16,

U+v n
) o G

=S 4+ 5"+ 5" (4.12)

sin k6, cos 10,

We will handle each of these three sums separately by isolating an
appropriate dominant term from each of them and factoring it out. If
t(k, I) represents the (k, /)th term in (4.12), then the dominant terms for
S, 8", and §” are ©(—1,0), 7(0, —1), and (1, — 1) +7(—1, 1), respec-
tively. Thus, we have
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Al—=uN' v \"( 1—u—v \"sin kb, 1
— 15 413
=X <u+k) <v+l> <u+v+k+l) sn g, O 2J’ (4.13)

of u N /1=0\"/ 1l—u—v \"sinlf,
1— ; kB, 1, (414
X[ ) <u+k> <v+l) <u+v+k+l> sin 6, cos 1] (414)

§" =~ (=1 <1 iu> (ﬁ) sin(9, — 0,)
1 1—u\" 1+v>”
X[ —(1——0) <1+u ]
[ L (2 ]

where 3" denotes the sum over

and

(k,DeZ® with k+1#0, (k,1)#(—-1,0), and k#0,
X" represents the sum taken over

(k,1)eZ® with k+/#0, (k,[)#(0, —1), and [#0,

{ (r—u)” r+u>"
r—v/ \r+u sin r(6; — 6,)
1 1—u>"<1+v>” sin(0, —6,)
I—v 1+u
Let us consider the sums that occur in (4.13), (4.14), and (4.15)

separately. Using the inequalities (4.6), (4.8), (4.10), and (4.11) repeatediy,
we find that for (4.13),

Al=uN\" /v N/ l—u—v \"sinkl,
1— 9
z <u+k> <v+1) <u+v+k+l> sing, 02

, " sin k6,
>1—
>1-) ing,

and

alu,v,0y,0,) = (4.16)

n n

1l—u—v
utv+k+!

1—u
u+k

v
v+1

|cos 16, |
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13 1m0
_ k
>1-) ‘18k+5 71| |(BEen+1| M
, 13 2 1 2 29 2
>1— k
=X 118k+5 r1| |Bksnrio ©
>1-03342...>0 (4.17)

and similarly, for (4.14),

af u \"fl—0o\"/ l—u—v \'sinlf,
_ k0
X <u+k> <v+l> (u+v+k+l> sing, o

o u |P|L=v]") 1l—u—v |"|sinif,
21— - k0
-2 u+k’ vo+!| |u+v+k+I} |sind, jeos KOyl
PR B LA 29 "
=z1— — =l = ]
X 2k+ 1 1] |48(k+1)+19 4
P A T 29 2
21-Y" = | <! 1
2k+1) 1) |48(k+D)+19
>1-0.9821...>0. (4.18)

To estimate the sum in (4.15) from below, we also need the following: for

reN,
0<v<u:0<(1—u) 1+”)<<r_”)<’+” <l (4.19)
1—v/\1+u r—v/\r+u

Inequalities (4.11) and (4.19) ensure that (cf. (4.16)), for reN,

lar(ua v, Hla 02)l < I r. (420)

Consequently, one has

© . n /1 n
1 -+ Z (1 u) ( i v) ar(ua v, 011 92)
r=2

r—u r+v
o l_un1+un
>1— a.(u,v,6,,0
Il ] et 05,6

fee] 1 n 4 n
>1- -

r§2<r> <3r+1> 4

© 1 2 4 2
>1—,§2<F> (51 *

>1-028...>0. (4.21)
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From (4.17), (4.18), and (4.21}), we conclude that the signs of §’, §”, and
S coincide with those of their respective dominant terms and that their
zeroes are precisely those of these dominant terms. But, from (4.9), (4.19);
and the fact that » is even, one can see that all of these three dominant
terms are of the same sign and that they do not vanish simultaneousiy. This
shows that I, 4(u, v) is non-zero and finishes Step IIL

Step IV. In this final step, we exhaust the only remaining case; namely,

(u,v)ed,, e [O A,]\(O, 0).

i—3

Note that the estimates for u, v, and u + v are still given by (4.8) as in the
previous step.

Here we will prove that @, o(u,v) has no zeroes by showing that
e™Q, o(u, v) does not have any; the latter, in turn, will be achieved by
demonstrating the absence of zeroes for T, o(u, v). It will become quite
apparent that the modus operandi for doing so is similar to that in Step T1L

The fist part of the proof involves some tedious, albeit unavoidable
calculations. We commence by writing

~ u " v n
I, (1, v)=sin 0, + Y ( ) <~———>
(k,[)€Z2\(O,O) M+k U“}_l

x(—fi”—-l) sin(k0, + (1 +1)0,)

u+v+k+

) u \'f u+v \" .
=s1n62+<1ﬂu> < : ~U) sin{8, —8,)

1—u

(55 ()
)

u+v
<u+v+k+l cos kB, sin{/+ 1}6,
(M) (m)
YN Gin k0, cos(I+ 1)0 (422)
utv+k+1 ! > )

where > stands for the sum over

(k,)eZ*  (k,1)#(0,0), (k,I)#(—1,0).
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The last sum in (4.22) can be recast by writing 8, =6,—(0,—0,); the
resulting expression for Tn’e is

~ . u \"/ ut+v \"
I, 4(u, v)—-s1n02+(1_u> (1—u—u> sin(6,—6,)

wf uw N[ v \" u+v "
+2 (u—l—k) (U+l> (u+v+k+l>
x cos k@, sin(/+ 1),

m U i v i u+v "
2 (u+k> <U+l> <u+u+k+l)

x sin kB, cos k(8, —0,)cos(/+ 1)6,

__Z//r( U n( [ >n< u+v "
u+k v+1) \u+v+k+1

x sin k(6,— 6,) cos kf, cos(I+ 1)0,. (4.23)

The first two summands in (4.23) constitute the dominant terms in the
expression for T, o(u, v). Accordingly, we assign the appropriate sums in
(4.23) to each of these (dominant) terms and then factor them out. More
precisely, we write (4.23) as

¥ . wi N[ v \" u+v "
I,,,e(u,v)=sm92[1+ Y <u+k> (v—l—l) <u+v+k+l>

1#—1
o s1n({+ 1o, .
sin 8,

" u " v " u+v §
+ kgo <u+k> <v+l> (u+v+k+l>

5 sin k6,
sin 6,

u \"( u+v \" .
+<1~u> (1—u—v> sin(0, —6,)
Al=uN" v ') 1—u—v
1—
X[ 2 <k+u> <l+v> (k—l+u+v>
>(sink(@z—el)
sin(f, —8,)

0s kB,

cos k(8,— 6,) cos(+ 1)92]

cos k0, cos({+1)8,
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) 2 ) ()
utv) Glo\k+u I+v
k0

sin k(8, —60,)
sin(6,—0,)

cos kB, cos(/ + 1)92] =T'+7T", (424)

where > and 3" are the same as before.

Just as in the previous step, we estimate, from below, the sums that are
featured in 7’ and T individually and show that they are bounded away
from zero. Again making use of the inequalities given by (4.6), (4.8}, (4.10),
and (4.11), we have for T,

1+ Zm( U n( v )n u-+v "
st \ut+k) \o+1l) \ut+tv+k+1

" sin{/+ 1)6, .

sin 6, 0s k0,
1" u " v n Uu+v n
¥ k§O <u+k> <v+l) <u+v+k+l>
sin k0
< I 922 cos k(6,—6,) cos(I+1)6,
wl_w || o || _utv  |"[sin(l+1)6,
=21- / S
[#Z__l u+k U+l u+v+k+l Sln92 {COSkOLI
| w "] v |7 wtv  |"[sinkb,
wzo |utk| v+l lu+v+k+1] | sinf,
x [cos k(0,—8,) cos(/+1)8, |
" 1 " 1 n 2 n
) 41|
I —1 2k+1 3/+1 3k+H+2
" 1 n 1 n 2 n
B k
kgo 2+ 1] |3+1) |3(k+D)+2 k|
" 1 2 1 27 2
=1- |1+ 1]
1;1 2k+1] [31+1] |3(k+1)+2
" 1 2 1 2 2 2
- 2 \@x) |5l eEenea M
k#0

>1-09812...>0. (4.25)
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Turning to T”, we use the additional fact that for n (=2)e N,

v \" 1\" 1
0<r<u=0< <(=) <=
oSu= (u-+u> (2) 4

to deduce that

ft=uN" v "/ 1—u—v \"
-2 <u+k> (u+l> (u+v+k+l)
sin k(6,—8,)
—=——cos kf I+1
(0, —0,) cos k8, cos({+1)8,

() 2 )
utv) S, \u+tk I+v

k#0

sink{60,—0,)
E;(Bz*z—é_; cos kB, cos({+1)0,

*Z u+k
sin k(6,—6,)
sin(f,—6,)

n

n

v
v+!

n

1l—u—v
ut+v+k+1

|cos k6, cos({+ 1)6,]

v
u+tv

1—ul”
u+k

1—pl”
v+

k+i=0
k#0
sin k(0,—0,)
sin(6,—0,)

S 13
21—
2z 18k +5

-(%)",E,:o

k#0

lcos kB, cos(l+ 1)8,|

n n

1
3+1

13
18k +5

n

Ik|

29
48(k+ 1)+ 19
1}1

/

n

2

1
3/+1

21

/

2

k|

29
48(k+1)+19

-z |18k+5

1 13
4 2 18k+5
k+1=0

k#0

2

k|

=21-04854...>0. (4.26)
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From (4.25) and (4.26), it is clear that T’ and T" have the same signs as
their respective dominant terms and that their zeroes are those of these domi-
nant terms. Now, for (u, v)e 4, and 6e [J°_, 4,1\(0, 0), these dominant
terms are both of the same sign and are never zero simultaneously. As a
result, it follows readily that Tn’,,(u, v) is non-zero as desired. This concludes
Step IV and with it the proof of the theorem in its entirety.

Remark. Since the case n=1 can be handled directly, the various
estimates in the proof of Theorem 4.1 which used the fact that » > 2 do not,
in fact, rely on the evenness of n. The only stage in which the evenness is
used is in Step IIT.

Qur next result which holds true for all (nof just even) n, serves to locate
the zeroes of P, .(x).

THEOREM 4.2. Let neN and 0<y < 1/2. Then the following hold:

(1) Puapn(m0)=0=P, 5 _,(m 0)
(i) Pn,(y, 1/2)(0, n)=0= Pn,(fy,—l/Z)(Os 7).
(iii) (a) P, puy20, —m)=0="P,, 10, —7).
(b) Po1pspp—mm)=0=P, p_, (-7 n).
(iv) (@) P,upn(~—m0)=0=P, _ip _,(—70)
(®) P,y —m)=0="P, _, _, 1pim, —7)

Proof. 1t suffices to prove (i) and (ii). Assertions (iii) and (iv) follow
from (i) and (ii), respectively, by invoking the symmetry conditions stated
in (3.3).

To prove (i), we set v=01in (4.1). The resulting expression depends only
on §,:

e “p, (2nu, 0) = [S(2nu)]*" [1 + Y (

keZ\{0}

)2” eikﬂ‘]. (4.27)

Since the RHS of (4.27) is zero if and only if [5, Theorem 2.2]

u+k

u=1/2 and 0= +m,

(i) is proved. ]
Similarly, setting v =0 in (4.1) yields (ii).

We now proceed to our main result, which is
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THEOREM 4.3. Let neN be even and 2na € A. Then cardinal interpolation
with M, , is correct if and only if 2noe A.

Proof. As we remarked earlier, it is manifest from (4.1) and the
definition of S(¢) that P, ,(27u, 27v) is zero if and only if @, 4(u, v) is zero.
The desired result now follows from Theorems 4.1 and 4.2 via Theorem 2.1.

Remark. XK. Jetter (in [37]) has indicated that the above result has been
obtained independently by J. Stockler with M, , replaced by

M mya 1<k, Lm<2, k+I1+m<s.

Here M ;. denotes the bivariate box spline corresponding to the three
directions (1, 0), (0, 1), and (1, 1) which occur with multiplicities %, /, and
m respectively. However, it should be pointed out that neither Stockler’s
result nor ours can be deduced from the other.

5. CONCLUDING REMARKS

A scrutiny of the proof of Theorem 4.1 reveals that a crucial point in the
argument in Step IIT (the only place where the evenness of # is used) is the
fact that for Oe A, (resp. A,), I,4(u,v) does not change sign in A4,.
However, one can show that this is no longer true when n is odd. Moreover,
the situation, in this case, cannot be remedied by rotating Q, 4(u, v) by a
suitable angle (as done in StepIV). As a result, our method of proof
fails for splines with odd multiplicities. Nevertheless, we believe that
Theorem 4.3 remains valid in this situation as well.

One other remark also seems to be in order here. Suppose that o is
chosen along any of the three mesh directions, ie., « is of the form (y, 0),
(0, 7), or (y,7), where —3<y<1 . Then, from Theorem 4.2 and the proof
of Theorem 4.1 (specifically, Steps I, II, and IV) and the fact that the set
{(7,0), (0,7), (y,y)} is invariant under A, it follows that for any n, cardinal
interpolation with M, , is correct if and only if —7 <2ny <m.
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